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ON RATIONALIZING DIVISORS
LORENZO PRELLI
Abstract. Rational pairs generalize the notion of rational singularities to reduced pairs
(X,D). In this paper we deal with the problem of determining whether a normal variety
X has a rationalizing divisor, i.e., a reduced divisor D such that (X,D) is a rational pair.
We give a criterion for cones to have a rationalizing divisor, and relate the existence of
such a divisor to the locus of rational singularities of a variety.
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Introduction
The development of the minimal model program showed the importance of working
with pairs or the form (X,D), where D is a Weil divisor on X.
Since many important classes of singularities of Q-Gorenstiein varieties have a natural
extension to pairs, one might ask whether there is a way to generalize the notion of
rational singularities to pairs. Rational pairs have been recently introduced by Kolla´r and
Kova´cs [Kol13, Section 2.5], and their deformation theory has been explored in Lindsay
Erickson’s PhD thesis [Eri14a].
In this paper, we focus on the following:
Question. Given a normal variety X, when is there a reduced divisor D such that (X,D) is
rational?
We will call such a divisor a rationalizing divisor.
The first result is a condition for cones on rational pairs:
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Theorem A (Theorem 3.2). Let (X,D) be a rational pair, and let L be an ample line bundle.
Then the cone (C(X, L),C(D, L |D )) is a rational pair if and only if
Hi(X, Lm(−D)) = 0 for i > 0,m ≥ 0
As a consequence of the above theorem, we get the following
Corollary B (Corollary 3.5). Let X be a normal variety of dimension n and let L be an ample
line bundle on X. If the cone C(X, L) has a rationalizing divisor, then
Hn(X, Lm) = 0 for m ≥ 0
Then we give a necessary condition for the existence of a rationalizing divisor:
Theorem C (4.2). Let (X,D) be a rational pair. Then the non rational locus of X has codimension
at least 3.
We conclude the paper with an example that shows that the above theorems provide
necessary but not sufficient conditions to guarantee the existence of a rationalizing divi-
sor.
1. Background
In this section we present the basic definitions and results on rational pairs. We will
work on an algebraically closed field k of characteristic zero. The main references are
[Kol13], [Eri14b].
Definition 1.1. A reduced pair (X,D) consists of the datum of a normal variety X and a
reduced Weil divisor D on X.
The pair analogue for smoothness is an snc pair.
Definition 1.2. A simple normal crossing (or snc) pair (X,D) is a pair such that X is
smooth, every component Di of D is smooth and the Di’s intersect transversely. For any
reduced pair (X,D), its snc locus of (X,D) is the largest open set U such that (U,D |U )
is snc.
As the reader might expect, we require maps between varieties to respect the pair
structure. More precisely, in this paper we will use the following terminology:
Definition 1.3. Let (X,D), (Y, B) be reduced pairs. A birational morphism of pairs f is a
birational morphism f : Y → X such that B = f−1∗ D, where f
−1
∗ D denotes the strict
transform of D.
Definition 1.4. A resolution of a pair (X,D) is a birational morphism of pairs (Y, B) →
(X,D), with (Y, B) snc.
So far the generalization of smoothness and resolutions was relatively straightforward.
In order to define singularities of pairs that behave similarly to rational singularities, we
have to restrict to a particular class of resolutions.
ON RATIONALIZING DIVISORS 3
Definition 1.5. If (X,D) is snc, any intersection of the components Di of D is called a
stratum of (X,D).
Definition 1.6. A resolution f : (Y, B)→ (X,D) is called thrifty if it satisfies the following
conditions:
(1) f is an isomorphism over the generic point of any stratum of snc(X,D)
(2) f is an isomorphism over the generic point of any stratum of (Y, B)
The conditions in the above definition are equivalent, respectively, to these two:
(1) f (Ex f ) does not contain any stratum of snc(X,D).
(2) Ex f does not contain any stratum of (Y, B)
Moreover, thrifty resolutions always exist for any pair in characteristic zero [Kol13].
We can now define a class of resolutions whose properties closely resemble the behav-
ior of the resolution of a variety with rational singularities.
Definition 1.7. A resolution of pairs f : (Y, B)→ (X,D) is called rational if
(1) The natural injection OX(−D) →֒ f∗OY(−B) is an isomorphism
(2) Ri f∗OY(−B) = 0 for i > 0
(3) Ri f∗ωY(B) = 0 for i > 0
It is worth pointing out that over a field of characteristic zero condition (3) is auto-
matically satisfied by an analogue of the Grauert-Riemenschneider vanishing theorem
[Eri14b, Prop. 3.6]. Moreover, we will show in the next section that condition (1) always
holds if X is normal. This implies that most of the times, in order to prove rationality of
a resolution, we will concentrate our efforts in showing that (2) holds.
Finally, we can state our main definition:
Definition 1.8. A reduced pair is a rational pair if it has a rational thrifty resolution.
One can prove that if a reduced pair has a rational thrifty resolution, then every thrifty
resolution is rational. It is not known whether rational resolutions are necessarily thrifty;
it is true for log resolutions, as shown in [Eri14b, Prop. 3.4].
2. An observation on the normality condition
In the usual definition of rational singularities, one requires that for a resolution of sin-
gularities f : Y → X the natural map OX → f∗OY is an isomorphism: this is equivalent
to X being normal.
The first condition for (X,D) to be a rational pair is that OX(−D)→ f∗OY(−B) is an
isomorphism for a resolution of pairs f : (Y, B) → (X,D). We’ll show that it’s always
true if X is normal. More precisely:
Lemma 2.1. Let X be normal and let D be a reduced divisor on X. Let f : (Y, B) → (X,D) be
a binational morphism of pairs, with Y normal. Then the natural map OX(−D) → f∗OY(−B)
is an isomorphism.
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Proof. The natural injection a : OX(−D) → f∗OY(−B), induced by the inclusion OX →֒
f∗OY, fits into the following commutative diagram with exact rows
0 −−−→ OX(−D) −−−→ OX −−−→ OD −−−→ 0
a
y ≃
y
0 −−−→ f∗OY(−B) −−−→ f∗OY −−−→ f∗OB
and a bit of diagram chasing shows that there’s a morphism b : OD → f∗OB that fits into
the above commutative diagram:
0 −−−→ OX(−D) −−−→ OX −−−→ OD −−−→ 0
a
y ≃
y b
y
0 −−−→ f∗OY(−B) −−−→ f∗OY −−−→ f∗OB
We know that the middle arrow is an isomorphism by normality of X. We want to show
that a is surjective.
First of all, we claim that the map b : OD → f∗OB is injective. Suppose it had a non
trivial kernel K: this is a sheaf of ideals on D. Since D is reduced, then this sheaf of
ideals defines a proper closed subscheme W through which f factors: this is impossible
since f is dominant.
Now we can take the stalk at a point x ∈ X and prove surjectivity of a via a diagram
chase. Let α ∈ f∗OY(−B)x, and let β its image in f∗OY,x. Then this last element corre-
sponds to γ via the isomorphism OX ≃ f∗OY: let δ be its image in OD. Then b(δ) = 0 in
f∗OB: since b is injective, δ = 0. This implies that γ is the image of a (unique) element
η ∈ OX(−D), that maps to α. This concludes the proof. 
3. A rationality criterion for cones over pairs
Definition 3.1 ([Kol13]). Let X a projective variety and let L be an ample line bundle on
X. The affine cone over X with conormal bundle L is
Ca(X, L) = Spec
⊕
m≥0
H0(X, Lm)
Note that this is the normalization of the projective cone over X relative to the embed-
ding defined by some power of L.
Let (X,D) be a rational pair, and let L be an ample line bundle on X. Let C = Ca(X, L)
be the affine cone over X, and let ∆ = Ca(D, L |D ). In this section, we will find a criterion
to find out whether (C,∆) is a rational pair, thus generalizing [Kol13, Prop. 3.13].
A suggestion for a necessary condition comes from the following observation: consider
the exact sequence
0→ OX(−D)→ OX → OD → 0
After twisting by Lm and taking cohomology we have the long exact sequence
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. . . −−−→ Hi−1(D, Lm)→
→ Hi(X, Lm(−D)) −−−→ Hi(X, Lm) −−−→ Hi(D, Lm)→ . . .
Assume now D is Cartier and reduced. Then both X and D are Cohen-Macaulay, as
OX(−D) is Cohen-Macaulay (see [Kol13, Prop. 2.82]).
For the same reason, if (C,∆) is a rational pair then C and ∆ are CM, hence the
intermediate dimensional cohomology of Lm on X and D vanishes (see [Kol13, Prop.
3.11]). The above long exact sequence implies that
Hi(X, Lm(−D)) = 0
at least for m ≥ 0, 1 ≤ i ≤ dimX − 1.
As it turns out, this is a necessary and sufficient condition for the cone pair (C,∆) to
be rational.
Theorem 3.2. Let (X,D) be a rational pair, and let L be an ample line bundle. Then the cone
(C(X, L),C(D, L |D )) is a rational pair if and only if
Hi(X, Lm(−D)) = 0 for i > 0,m ≥ 0
Before the proof, we will need a couple of lemmas. The first one is about rational pairs
and bundles with a smooth fiber, even though we just state it for projective and affine
line bundles. The second one is a simple observation on the composition of derived
functors.
Lemma 3.3. Let pi : Y→ X be an F-bundle, where F is either A1 or P1 and X is normal. Let D
be a reduced divisor on X and let B = pi−1D be its scheme-theoretic preimage on Y. Then (X,D)
is a rational pair if and only if (Y, B) is.
Proof. Since the question is local on X, we can assume Y = F × X is the trivial bundle.
We will start the proof by relating the properties of a resolution of X to the property of
a resolution of Y
Let ε : X˜ → X be a thrifty resolution of X: let Y˜ = F× X˜, let η = id× ε and consider
the commutative diagram
Y˜
pi
−−−→ X˜
η
y ε
y
Y
pi
−−−→ X
Note that the thriftiness of ε clearly implies thriftiness of η. Moreover, both pi and pi
are faithfully flat maps, as they are obtained by base change of the faithfully flat maps
Y → Speck, Y˜ → Speck,.
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By [Har77, Prop. III.9.3], for any coherent sheaf F on X˜ and for any i ≥ 0 we have a
natural isomorphism
pi∗Riε∗F
∼
→ Riη∗ (pi
∗
F )
In particular, if F = OX˜(−D˜) then one can check that pi
∗F ≃ OY˜(−B˜), so
pi∗Riε∗OX˜(−D˜) = 0⇔ R
iη∗OY˜(−B˜) = 0
Moreover, since pi is faithfully flat,
pi∗Riε∗OX˜(−D˜) = 0⇔ R
iε∗OX˜(−D˜) = 0
Hence ε is a rational (thrifty) resolution iff η is.
Now assume (X,D) is a rational pair: then ε is rational, so η is rational and thrifty
hence (Y, B) is a rational pair. Conversely, if (Y, B) is a rational pair, then the thrifty
resolution η has to be rational, so ε is a rational thrifty resolution of (X,D).

Lemma 3.4. Let f : X → Y and g : Y → Z be morphisms of varieties, and let F be a coherent
sheaf on X, and let G = f∗G . If Ri f∗F = 0 for i > 0, then
Ri(g ◦ f )∗F = R
ig∗G
Proof. The Grothendieck-Serre spectral sequence gives the following identities in the de-
rived category of sheaves over Z:
R(g ◦ f )∗F = Rg∗ ◦ R f∗F = Rg∗( f∗F ) = Rg∗G
and taking homology in the ith degree yields the desired result. 
Proof of Theorem 3.2. The basic idea is the following: blow up the vertex of the normalized
cone to get a map
p : (Y, B)→ (C,∆)
where B is the birational transform of ∆. Since locally the blow up is a P1-bundle over
X, then (Y, B) is still a rational pair (cfr. Lemma 3.3).
Let g : (Y˜, B˜)→ (Y, B) be a rational thrifty resolution of (Y, B), and let h = f ◦ g.
The strategy for the proof is the following:
(1) Show the map h is a thrifty resolution.
(2) Prove that the pair (C,∆) is rational if and only if Rjp∗OY(−B) = 0 for j > 0.
(3) Show that Rjp∗OY(−B) =
⊕
m≥0
H j(X, Lm(−D)) for j > 0
We will give two proofs of the third claim: the first one is the most intuitive because it
uses the theorem on formal functions, but it requires D to be Cartier. The second one
works for Weil divisors, too.
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(1) (thriftiness of h) By construction, h(Ex(h)) contains the vertex P of C, that is
not in the snc locus of (C,∆). This means that condition 1 is satisfied. As for
condition 2, let E˜ be the strict transform of E in Y˜. If the intersection of some
components B˜j of B˜ is contained in Ex(h), then it has to be contained in E˜ by the
thriftiness of g. In other words,
E˜ ⊇
⋂
B˜i
and
⋂
B˜i is disjoint from Ex(g). This implies that
E ⊇
⋂
Bi
Nevertheless, if two (or more) of the Bi’s meet in E, since Y is locally a product,
then the corresponding components of ∆ meet in C. This implies that the inter-
section of the Bi’s cannot be mapped to a point by p (indeed, its image is the cone
over the corresponding components of ∆). Therefore h is thrifty.
(2) Claim: (C,∆) is rational if and only if Rjp∗OY(−B) = 0 for j ≥ 0
Assume first (C,∆) is a rational pair: then every thrifty resolution is rational
[Kol13, Cor. 2.86], so Rh∗OY˜(−B˜) ∼ OC(−∆). This implies, by Lemma 3.4, that
Rp∗OY(−B) ∼ OC(−∆)
Conversely, assume the above condition holds. Then since h is thrifty and
char k = 0, then Rih∗ωY˜(B˜) = 0 for i > 0, by rational pair analogue of Grauert-
Riemenschneider vanishing theorem (see [Eri14b, Prop. 3.6]). This proves that h
is a rational thrifty resolution, hence (C,∆) is a rational pair.
(3) Claim: Rjp∗OY(−B) =
⊕
m≥0 H
j(X, Lm(−D))
Proof. First of all, note that Rip∗OY(−B) is a skyscraper sheaf supported on the
cone point P ∈ C(X), and its stalk is Hi(Y,OY(−B)).
Let pi : Y → X the projection: note that it’s an affine morphism, therefore
Hi(Y,OY(−B)) ≃ H
i(X,pi∗OY(−B))
We will now express pi∗OY(−B) in terms of L.
Consider the exact sequence
0→ pi∗OY(−B)→ pi∗OY → pi∗OB → 0
(observe that exactness on the right follows form the fact that pi is an affine mor-
phism) By construction, pi∗OY ≃
⊕
m≥0 L
m, and since B is an affine bundle over
D, it’s easy to check that pi∗OB ≃
⊕
m≥0 L
m |D . This implies that pi∗OY(−B) ≃⊕
m≥0 L
m(−D): taking cohomology of both sides yields Hi(X,pi∗OY(−B)) ≃⊕
m≥0 H
i(X, Lm(−D)). 
Combining everything together, the pair (C,∆) is rational if and only if Hi(X, Lm(−D))
vanishes for every i > 0,m ≥ 0. 
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Theorem 3.2 has an interesting consequence for the existence of rationalizing divisors
on cones.
Corollary 3.5. Let X be a normal variety of dimension n and let L be an ample line bundle on
X. If the cone C(X, L) has a rationalizing divisor, then
Hn(X, Lm) = 0 for m ≥ 0
Proof. First of all, observe that there’s a natural surjection Cl X → Cl C(X, L), taking a
divisor to the cone over it (see [Har77, Ex. II.6.3]). This means that every divisor on C(X)
is the cone over a divisor on X, up to linear equivalence.
Now suppose (C(X),C(D)) is a rational pair, and let U be C(X) minus the cone point.
Since (U,C(D) |U ) is a rational pair and U → X is a A
1-bundle over X, it follows from
Lemma 3.3 that (X,D) is a rational pair, too.
Consider now the exact sequence
0→ OX(L
m(−D))→ OX(L
m)→ OD(L
m)→ 0
Then taking cohomology in degree n yields
Hn(X, Lm(−D))→ Hn(X, Lm)→ Hn(D,OD(L
m))→ 0
The first term vanishes by Proposition 3.2, and the rightmost group is zero for dimension
reasons. This gives Hn(X, Lm) = 0 for all m ≥ 0. 
Remark 3.6. This necessary condition for cones to have a rationalizing divisor implies
Erickson’s condition on the vanishing of the top-dimensional cohomology [Eri14a, Prop.
3.5.2].
4. Rationalizing divisors and non-rational locus
In this section we will give a necessary condition for a variety to have a rationalizing
divisor. Many of the statements hold in the context of Du Bois pairs (see [GK14, Theorem
1.4.1]).
First of all, we will investigate the case of surfaces. The simplest case is the cone over
a curve: let C be a smooth projective curve with an effective divisor F and let L be an
ample line bundle on it. If X is the cone over C and D the cone over F, then we know
by Theorem 3.2 that if the pair (X,D) is rational then H1(C, Lm(−F)) = 0 for all m ≥ 0.
It’s easy to see that H1(C, Lm(−F)) surjects onto H1(C, Lm): using again Theorem 3.2, it
follows that X has rational singularities.
This holds in general. Indeed, we have the following
Lemma 4.1. If (X,D) is a rational pair and X is a normal surface, then X has rational singu-
larities.
Proof. Since singularities are isolated on normal surfaces, then we can work locally and
assume that X has one isolated singularity x ∈ X. Moreover, if x /∈ SuppD then X is
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rational at D and smooth away from it, hence the claim is trivially true. Therefore we
will assume x ∈ SuppD.
First of all we claim that if pi : (Y, B)→ (X,D) is a thrifty rational resolution of X with
exceptional locus E, then X has rational singularities iff
R1pi∗OY(−E) = 0
We will prove this first claim by establishing some vanishing results. First of all let’s
consider the long exact sequence
0 −−−→ pi∗OY(−E− B) −−−→ pi∗OY(−B) −−−→ pi∗OE(−B |E ) −−−→
−−−→ R1pi∗OY(−E− B) −−−→ R
1pi∗OY(−B) −−−→ R
1pi∗OE(−B |E ) −−−→ 0
By rationality of the pair (X,D) we have that R1pi∗OY(−B) = 0, which implies
R1pi∗OE(−B |E ) = 0
Consider now the exact sequence
0 −−−→ pi∗OE(−B |E ) −−−→ pi∗OE −−−→ pi∗OB|E −−−→
−−−→ R1pi∗OE(−B |E ) −−−→ R
1pi∗OE −−−→ R
1pi∗OB|E −−−→ 0
we already know that R1pi∗OE(−B |E ) = 0. Moreover, note that since E is exceptional,
pi : B |E → x has a zero-dimensional image, hence R
1pi∗OB|E = 0. This implies that
R1pi∗OE = 0.
Finally, consider the exact sequence
(1) 0→ OY(−E)→ OY → OE → 0
and apply the functor pi∗ to get
0 −−−→ pi∗OY(−E) −−−→ OX −−−→ pi∗OE −−−→
−−−→ R1pi∗OY(−E) −−−→ R
1pi∗OY −−−→ R
1pi∗OE −−−→ 0
The exceptional locus E is connected by Zariski’s main theorem, hence the sheaf pi∗OE
is a skyscraper sheaf supported on x ∈ X and therefore the map OX → pi∗OE is a
surjection. This yields the exact sequence
0 −−−→ R1pi∗OY(−E) −−−→ R
1pi∗OY −−−→ R
1pi∗OE −−−→ 0
By the vanishing results above, the last sheaf is zero, hence R1pi∗OY(−E) ≃ R
1pi∗OY. It
follows that X has rational singularities iff R1pi∗OY = 0 iff R
1pi∗OY(−E) = 0.
We now claim that
R1pi∗OY(−E− B) = 0
Indeed, twisting the sequence (1) by −B and taking pi∗ we get an exact sequence
pi∗OY(−B)
α
−−−→ pi∗OE(−B |E ) −−−→
−−−→ R1pi∗OY(−E− B) −−−→ 0
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It suffices to show that the map α is surjective, and we can do it by checking surjectivity
at the stalk at x. Clearly OE(−B) ⊆ OE, thus (pi∗OE(−B))x ⊆ (pi∗OE)x. We already
observed that pi∗OE ≃ kx, so (pi∗OE(−B))x is either 0 or k. Since we have
(pi∗OE(−B))x = Γ(E,OE(−B |E ))
and given that x ∈ D ensures that OE(−B |E ) is a proper ideal of OE, we can conclude
that OE(−B |E ) = 0.
Finally, we will be done if we can show that R1pi∗OY(−E− B) = 0 implies R
1pi∗OY(−E) =
0. This follows easily by considering
0→ OY(−B− E)→ OY(−E)→ OB(−E)→ 0
which yields an exact sequence
R1pi∗OY(−B− E)→ R
1pi∗OY(−E)→ R
1pi∗OB(−E)
Since pi |B is finite, then R
1pi∗OB(−E) = 0, and this concludes the proof.

Now we are ready to state the main result of the section:
Theorem 4.2. Let (X,D) be a rational pair. Then the non-rational locus of X has codimension
at least 3.
Before proving the proposition, we have to establish a deformation result for rational
singularities.
Lemma 4.3. Let D be a Cartier divisor of X that has rational singularities. Then on an open
neighborhood of D the ambient space X has rational singularities.
Proof. Since the question is local, after possibly shrinking we can think of D as being the
zero set of a regular function f . Consider the map
ϕ : X → A1, x 7→ f (x)
We have that φ is flat, as it’s dominant onto a one dimensional integral regular scheme
and X is reduced [Har77, Prop. III.9.7]. The special fiber X0 ≃ D has rational singu-
larities, hence by Elkik’s theorem [Elk78, The´ore`me 2] X has rational singularities in a
neighborhood of D. 
Now we can proceed with the proof of the proposition.
Proof. We will prove the claim by showing that the non rational locus does not intersect
a general complete intersection surface in X.
Let S be the intersection of (dimX − 2) general hyperplanes in X. Then X is normal
(see for example [Sei50]), and by using the Bertini property for rational pairs [Eri14b,
Theorem 4.4], the pair (S,D |S ) is rational. It follows from Lemma 4.3 that S has rational
singularities, so by repeatedly applying the deformation lemma 4.3 we conclude that X
has rational singularities near S. 
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The proposition implies, for example, that a cone over a normal surface with a non
rational isolated singularity cannot be a part of a rational pair, as the non rational locus
is a line, which has codimension 2.
5. An interesting example
In this section we will show that the necessary conditions in the previous sections
(Propositions 3.5, 4.2) are necessary for the existence of a rationalizing divisor, but not
sufficient. We will construct a threefold with an isolated non-rational singularity at a
point, that does not have a rationalizing divisor.
We will achieve this by considering a cone Y over a polarized surface (X, L) with zero
top-dimensional cohomology of Lm for m ≥ 0: to be consisted with the previous sections,
L will denote an ample line bundle.
Let C be a smooth curve of genus at least 2 and let X be the ruled surface C×P1. Let
pi : X → C, ξ : X → P1 be the projections. Then pi∗OX = OC ⊕ OC (see for example
[Har77, Example V.2.11]). Let P ∈ P1 and Q ∈ C be arbitrary points, and let C0 = ξ∗P be
the canonical section, f = pi∗Q the fiber.
The effective divisor L := OX(C0 + f ) is ample by [Har77, Prop. V.2.20]. Note also
that by [Har77, Prop. V.2.8] we have
L = OX(C0)⊗OX( f ) = OX(1)⊗ pi
∗OC(Q)
It follows that
pi∗L = pi∗(OX(1)⊗ pi
∗OX(Q))
By [Har77, Lemma V.2.4] , since D. f = 1 ≥ 0 then
H1(X, L) = H1(C,pi∗L) = H
1(C,OX(Q))⊕ H
1(C,OX(Q)) 6= 0
where the last claim follows from Riemann-Roch and the assumption on the genus of C.
Since H1(X, L) 6= 0, then we can deduce that the cone Y = C(X, L) has an isolated,
non-rational singularity by applying Proposition 3.2 with D = 0. Note that by construc-
tion Y is normal.
As for the cohomology of X, notice that by Lemma 2.4
H2(X,OX) ≃ H
2(C,pi∗OX) = 0
where the last equality holds for dimension reasons.
We will now prove that Y does not have any rationalizing divisors. We have to prove
that there is no effective (Weil) divisor D = aC0 + b f on X such that (Y,C(D, L |D )) is a
rational pair, and by the criterion in section one this amounts to showing that there are
no integers a, b such that
H1(X, Lm(−D)) = 0 for all m ≥ 0
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First note that since D is effective, by taking the intersection with C0 and f necessarily
we have a ≥ 0, b ≥ 0. Moreover, by Ku¨nneth formula we have
H1(X, Lm(−D)) = H1(X,OX((m− a)C0 + (m− b) f ))(2)
= H1(X, ξ∗OP1((m− a)P)⊗ pi
∗OX((m− b)Q))
= H0(P1,OP1((m− a)P))⊗ H
1(C,OC((m− b)Q))⊕
H1(P1,OP1((m− a)P))⊗ H
0(C,OC((m− b)Q))
We claim that for any choice of a, b there is an m such that H1(X, Lm(−D)) 6= 0: this will
prove that there is no rationalizing divisor for Y. The basic idea is to leverage the fact
that H1(C,OC(Q)) 6= 0, which follows from Riemann-Roch.
Assume first a 6= b+ 2. Then we set m− b = 1, that is m = b+ 1. We get that
H0(P1,OP1((b− a+ 1)P))⊗ H
1(C,OC(Q)) 6= 0 if a ≤ b+ 1
H1(P1,OP1((b+ 1− a)P))⊗ H
0(C,OC(Q)) ≃
H0(P1,OP1((a− b− 3)P))⊗ H
0(C,OC(Q)) 6= 0 if a ≥ b+ 3
Since a 6= b+ 2, then at least one of the two tensor products is non zero.
Assume now a = b+ 2. Then the second term in the direct sum of (2) is then
H1(P1,OP1((m− b− 2)P))⊗ H
0(C,OC((m− b)Q)) ≃
H0(P1,OP1((b−m)P))⊗ H
0(C,OC((m− b)Q))
Setting m = b yields H0(P1,OP1)⊗ H
0(C,OC) 6= 0.
This shows that the threefold Y has a non rational singularity at the cone point, yet
does not have a rationalizing divisor.
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